We propose an approach, called the Equilibrium Distribution Model (EDM), for automatically selecting colors with optimum perceptual contrast for visualization. Given any number of features that need to be depicted, our approach derives evenly distributed colors in the CIELAB color space to assign to features so that the minimum Euclidean Distance between colors is optimized. We demonstrate the efficacy of our approach in the context of several visualization examples including 2D and 3D spatial visualizations. Comparisons, using established measures of color contrast, indicate that while other widely-used approaches can achieve reasonable results for smaller numbers of features, our approach achieves perceptible contrast for visualizing up to 100 unique features.
I. INTRODUCTION
Mapping perceptually distinct colors to different elements of data is an integral part of scientific visualization and data visualization. The choice of colors can have a significant impact on how users gain insight from a given visualization. Common practices range from a manual selection of colors, use of standard palettes or use of palette design tools. Such approaches work reasonably well if the number of elements to be visualized is relatively small however become cumbersome and ineffective if data comprises large numbers of distinct features. Some examples of where this might be needed include the visualization of 3D anatomy datasets with many distinct tissues or spatialized 2D maps with regions, which can number in the hundreds. In such cases, there is a need to automatically select a suitable set of colors based on some optimizing criteria. Color harmonics [1] [2] and color opponency [3] are some of the popular choices for such criteria but, as these approaches do not exploit the full range of perceivable colors, they tend to become less optimal with large numbers of features. For instance, a distribution of 50 different colors in the CIELAB color space using a harmonic color selection scheme is shown in Fig. 1a . Note that the chosen colors (represented as colored points in the figure) occupy a small subset of the available color space, and, as the number of required colors increases, they will tend to become Portions of this research were conducted while the first author was at Trinity College Dublin. This research was jointly funded by Trinity College Dublin and Science Foundation Ireland under grant no. 13/IA/1895. indistinguishable from each other. The main motivation of this paper is to provide a solution that will produce a set of the most perceptually distinguishable colors for any given number of independent features that need to be visualized.
Our solution aims to maximize the range of colors utilized and increase their distinguishability from each other by evenly distributing the color points within a three-dimensional perceptual color space, CIELAB, as demonstrated in Fig. 1d . We demonstrate the effectiveness of using this approach in the context of various 2D and 3D visualizations. Measures of perceptual contrast indicate that our approach outperforms commonly used color schemes and leads to noticeably distinct colors even for very large numbers of unique independent features. Fig. 1 : Distribution of 50 color points in the CIELAB color space using four different color schemes. Note that in our approach, Equilibrium LAB, the distribution uses a maximal range of the 3D space and points are more evenly spread out.
II. LITERATURE REVIEW
The study of color is a long-established problem, with several books and research papers having been written on this topic. Itten [4] , and Wong [5] have carried out significant research on human perception of color and color contrast. There have also been many extensive studies on the use of color in visualization. For a comprehensive overview of the previous literature in this specific context, we refer the reader to the previous survey papers by Silva et al. [6] and Zhou et al. [7] . We discuss, below, only the previous works most closely related to our solution.
Various practical, semi-automated tools for color map design have already been developed. For instance, the PRAVDA system [8] is a widely used interactive solution for designing color maps for various applications of scientific visualization, while Color Brewer [9] is another well-known tool developed mainly for visualizing cartographic data. Although these approaches work well when the number of features is relatively small, they become harder to use effectively and fail to provide the desired perceptual contrast when there are a large number of distinct independent features that need to be visualized, such as is often the case in many 2D and 3D spatialized data visualization tasks.
Various approaches have been proposed for effective color map design with less reliance on subjective manual input. Moreland [10] has demonstrated the application of diverging color maps using Msh color space, which is a polar form of the CIELAB color space. Szafir and Gleicher [11] have developed a conceptual framework based on aesthetic, perceptual and functional constraints to optimize color selection for visualization. Gramazio et al. [12] have designed a colorgorical model which considers color discriminability based on perceptual distance (CIEDE2000), name uniqueness and pair preference. Although these approaches consider the perceptual aspects of color, quantitative evaluation of these aspects is not always feasible and reliable. Wang et al. [1] have defined 13 different rules for color map design. They first specify the Hue manually and then optimize the saturation and luminance in the CIELAB color space through computations of vividness, chroma, and lightness. However, they acknowledge that all design rules cannot be satisfied in practice but that the rules to be followed are often dependent on the visualization task.
Healey [13] has proposed the distribution of color points on the circumference of a circle in the UV-plane (L * = 67.1, 71.6) of the CIELUV color space. Cheng et al. [14] have designed an interactive framework, ColorMap N D which uses a slice with constant luminance (L * = 55) to get the largest circle in the CIE HCL color space and then distributes the color points on the circumference of the circle. In both of these cases, the colors are chosen from a specific plane in a color space and, in principle, these approaches are quite similar to the harmonic color scheme [1] . An improvement over these approaches is proposed by Museros et al. [15] , who distribute the colors around the hue wheels at five different levels of brightness in the HSL color space where, at each wheel, eight dominant hue values are chosen. This 3D approach to distribution of color points leads to improvements over the previous approaches, however, does not fully optimize the use of the perceptual color space and, if the axial gray values are also considered, perceptual contrast gets compromised. Jacomy [16] has used k-means clustering and force vectors to balance the distribution of color points in the CIE LAB color space. This approach, referred to as "I Want Hue" (IWH) leverages one of the critical criteria for designing good color maps, that is its perceptual uniformity [17] or, in other words, the assumption that perceptual contrast between uniformly spaced adjacent colors should be equal. Although the approach we present in this paper is most similar in nature to this technique, experimental results indicate that our alternative provides better distribution of colors and thus better perceptual contrast.
III. METHODOLOGY
In this section we describe a novel approach for objective color map selection, which we call the Equilibrium Distribution Model (EDM). As input, the approach takes the number of independent features, n, that need to be visualized and assigns a corresponding color map comprising a set of n distinct colors to the features such that they are maximally discernible from each other. The human visual system tends not to perceive absolute colors of objects but rather the differences between them, i.e., their contrast. Human response to color stimuli reaches an equilibrium state when it receives a signal from a mid-gray object [4] . Based on this fact, the first objective of our algorithm is to select colors which are equidistant from the mid-gray value in a perceptual color space. For this paper, we chose the well-known CIELAB color space [18] , but the approach could also be implemented using other perceptual color spaces.
CIELAB is a three-dimensional device-independent perceptual color space that describes all colors visible to the human eye. The three coordinates of CIELAB represent the lightness of the color (L * , ranging from 0-100), its position between red/magenta and green (a * ) and yellow and blue (b * ) respectively. The a * and b * dimensions have no specific limits but have negative and positive values centered at zero. In this paper we have considered their ranges as −128 to 127 (see Fig. 1d ). Equidistant colors from mid-gray can thus be derived by constructing a hypothetical sphere with center at LAB coordinates (50, 0, 0) and then selecting points lying on the surface of the sphere. Since, the axes L * , a * , and b * are anisotropic, the coordinates of the points are normalized by re-scaling according to the ranges of the axes in the CIELAB color space. Colors represented by such points will create the same sensation when displayed as a foreground color against the gray background.
The second step is to distribute these points evenly on the spherical surface so that the perceptual contrast between the adjacent colors is optimized. We consider this problem analogous to that of the spherical distribution of charged particles in a static equilibrium state, where the net potential of each particle is minimized and, hence, the total distance between the particles is maximized. A demonstration of such an equilibrium distribution of 50 different colors in the CIELAB color space is shown in Fig. 1d and we describe below how this is achieved.
If n (> 1) be the number of colors needed in a visualization task, we first need an initial distribution of points. Although the initial coordinates can be chosen randomly, for more deterministic results, we choose to fix the initial distribution using a predefined set of spherical coordinates as given below:
Then, the initial coordinates are transformed into Cartesian coordinates (x i , y i , z i ) so that he total cumulative distance (d) between the points due to this distribution will be:
Hence the problem of evenly distributing the points on the surface of a unit sphere can be formulated as: 
Equation (3) can be solved using various established numerical solvers. In our implementation we use the Interior Point method [19] with a maximum iteration count of 500. Solving this gives the desired coordinates of the points under the equilibrium conditions.
To confirm that this technique distributes the points maximally distant apart, we have compared the edge lengths of the Platonic solids with the minimum distances achieved for the corresponding number of vertices using this technique (see TABLE I). It can be observed that EDM matches perfectly with the edge lengths of the Platonic solids except for the Cube and Dodecahedron where the corresponding points in the equilibrium distribution take on slightly different configurations than the vertices of these two Platonic solids.
The distributed coordinate points now need to be re-scaled with respect to the color space in order to extract the corresponding color points. For example, to get the CIELAB colors, x (mapped to L * ) is re-scaled from (−1, 1) to (0, 100), and y (mapped to a * ), and z (mapped to b * ) are both re-scaled from (−1, 1) to (−128, 127). Although we specifically employ CIELAB color space, the technique is flexible enough to be used for distributing points evenly in any other color space. Furthermore, the approach is generally applicable to any application that requires color maps, ranging from data visualization to scientific visualization.
IV. RESULTS AND EVALUATION
We demonstrate the efficacy of our approach by applying the colors to visualize an anatomical volume data set ( Fig.  2) and a map of the States of India (Fig. 4 ) using various color selection schemes. Our approach, using equilibrium distribution in a perceptual color space is denoted Equilibrium LAB. This is compared with the widely used Harmonic color scheme, the perceptual distribution approach of Jacomy [16] (IWH), and our spherical equilibrium distribution approach applied to a non-perceptual color space, HSB (denoted Equilibrium HSB).
The volume data set [20] comprises 94 segments of a 3D CT scan and is rendered with a binary (fully visible or fully transparent) opacity value for each segment. Among these features, 19 features such as the muscles are made transparent to reveal the internal 75 features in the visualization. By visual inspection, it is difficult to separate some of the green features in Fig. 2a , while the same features are more distinguishable in Fig. 2b to 2d . Moreover, a much larger range of different saturations can be seen in the Equilibrium LAB color scheme, compared to the rest. The corresponding color maps are shown in Fig. 3 . Fig. 4 shows a simpler 2D spatial data visualization of the 36 states and union territories of India, using the aforementioned four color schemes. It can be readily observed that some segments are difficult to distinguish in the visualization generated using the Harmonic and Equilibrium HSB color schemes. The mapping is better with IWH but, in comparison, the perceptual contrast is much stronger throughout when visualized using the Equilibrium LAB color scheme. The corresponding color maps are shown in Fig. 5 .
For objective evaluation, we measure the minimum contrast between colors selected by the algorithm using two different measures of perceptual contrast. The first one, known as the CIE76 color distance (∆E * ab ), considers perceptual contrast based on the Euclidean distance between two colors in the CIELAB color space. To assess this contrast, we refer to the [20] using three alternative color selection schemes compared to our approach, Equilibrium LAB. previous work by Mokrzycki and Tatol [21] who presented an experimentally verified statistical study, which determined that if the Euclidean Distance between two colors in the CIELAB color space is greater than 5, then the colors are easily distinguishable by a standard observer. In other words, the Just Noticeable Distance (JND) to a standard observer corresponds to ∆E * ab ≈ 5. Further to this, a more recent measure of perceptual contrast is the CIEDE2000 color distance (∆E * 00 ) [22] , according to which the theoretical value of JND corresponds to ∆E * 00 ≈ 1 [23] . Fig. 6 shows the plots of these two contrast measures, C, for different numbers of unique features, n, across different color selection schemes. Again, our Equilibrium LAB approach is compared to Harmonic, IWH and Equilibrium HSB. Also shown are the theorized JND thresholds based on the respective contrast measures. We see from both plots that the Equilibrium LAB color scheme provides significantly better perceptual contrast. Note that while the perceptual contrast achieved using the widely-used harmonic color selection scheme reaches the JND threshold at around n = 20, the corresponding contrast using the equilibrium color scheme remains significantly above the JND even at n = 100.
The general efficacy of the color distribution is also quite evident when we plot, in the CIELAB space, the colors selected by the different color schemes. Fig. 1 shows a plot of 50 colors (n = 50) chosen by each of the respective color schemes. We see that the colors chosen by the Harmonic and Equilibrium HSB schemes ( Fig. 1a and Fig.1b ) are distributed in an almost planar subset of the 3D perceptual color space. The IWH scheme (Fig. 1c ) provides a more generalized distribution but does not quite maximize the distribution of the points as much as our approach (Fig. 1d ), which selects equidistant colors spanning a large range of the perceptual color space.
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states and Washington DC over the past four decades [24] . Fig. 8 shows a colored chord diagram of links between characters in the play Les Misérables, obtained from [25] .
In the interest of space, individual color maps for these visualizations are not shown here, but we note by visual inspection that good contrast is achieved by our Equilibrium Lab approach in both applications.
V. CONCLUSIONS AND FUTURE WORK
In this paper, we presented a novel automated approach for objective selection of any n perceptually optimal colors for use in visualization. Previous surveys, such as that by Zhou et al. [7] have outlined a number of different applications and approaches for color map creation, with sometimes conflicting priorities. Our work advances the state-of-the-art in color map design specifically for visualization tasks that require optimized perceived contrast with large numbers of independent features. In this regard, we conducted comparisons that demonstrate that our approach can outperform widely used existing solutions. We showed that the minimum perceptual contrast between colors provided by our model is well above the threshold value for just noticeable difference even for a large number of unique features. We have further demonstrated its application in the volumetric visualization of a segmented CT scan, a simple data visualization of a spatialized 2D map, a time-series plot of unemployment rates in US, and visualization of a chord diagram displaying the interrelationships among different characters.
For a given number of features, n, our approach delivers a color map with the desired properties of optimized contrast. Furthermore, an infinite number of alternate distributions with the same desired contrast properties can be obtained by rotating the sphere upon which the color points are distributed. This optional degree of freedom can be used to allow users to customize the color maps to suit personal preferences.
The measures of perceptual contrast used in this paper are based on established assumptions of low-level perception. In practice, perception can be influenced by high-level considerations, for instance, users familiar with particular structural details may be able to better perceive certain features despite their color. Arguably, practical efficacy should be gauged by user-based studies. However, it is likely that this will vary across specific domain use cases and tasks, thus this presents a significant and time-consuming research challenge that we plan to address in follow up research.
In applications such as 3D Volume visualization, the final color of objects is further affected by transparency and lighting effects, thus the assigned color map alone is insufficient to fully determine the final perceptual contrast. However, this is a challenge that almost all other existing techniques also face. In general, we consider the interplay of color within such rendering effects as another topic for interesting future investigation. The results in Fig. 2 indicate that optimizing the input with our approach contributes significantly to the final visualization even if the rendering issues are not specifically accounted for.
Despite these interesting areas for future study, the current solution is already fully usable and can be applied to benefit any general visualization application that uses color for encoding the identity of a feature.
